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A (precise and time-homogeneous) Markov chain with a finite state space is (almost) completely
defined by its (transition operator (or Markov kernel) T: RX → RX . In particular, for all n ∈ N
and f : X → R,

E(f(Xn+1)) = Eq□

(
Tnf

)
.

An important type of transition operators are the ergodic ones, that is, those for which for all
f : X → R and x ∈ X , Tnf(x) converges to a limit that doesn’t depend on x. There are many
sufficient conditions for ergodicity, and one of the more important well-known ones is that it is
regular, where a transition operator is regular if for all x ∈ X , there is some n ∈ N such that
minTnIx > 0. Another way to define regularity is through the transition graph associated with T:
the nodes of this graph are the elements of X , and there is a directed edge from x to y if and
only if T (x, y) = TIy(x) > 0. For regularity, we now need that (i) this transition graph is strongly
connected, meaning that there’s a directed path from any state x ∈ X to any other state y ∈ X ;
and (ii) for any state x ∈ X , the greatest common divisor of the lengths of the directed paths that
start and end in x is 1. A necessary condition for T to be ergodic, then, is that there is at least one
state x ∈ X for which there is some nx ∈ N such that for any state y ∈ X and k ≥ nx, there is a
directed path of length k from y to x.

In the lecture of Thursday, we saw how imprecise Markov chains with a finite state space X
are (almost) completely defined by an upper transition operator T: RX → RX . Here too, we can
define a notion of ergodicity: an upper transition operator T is ergodic if for all f ∈ RX and x ∈ X ,
Tnf(x) converges to a limit that doesn’t depend on x.

Of course, one can again come up with sufficient and necessary conditions for ergodicity. In
fact, Hermans and Cooman [2] have found necessary and sufficient conditions similar to the ones
for precise Markov chains mentioned above. The objective of this research project is to arrive at
(some of) these necessary and sufficient conditions without looking at the papers [1–4].
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