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Uncertain process

We consider a system whose uncertain state X;

takes values in the state space A and
changes over time ¢ € T.
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Uncertain process

We consider a system whose uncertain state X;

takes values in the state space A and
changes over time ¢ € T.



Uncertain process

We consider a system whose uncertain state X;

takes values in the state space X and
changes over time t € T.

For now, let us focus on finite-state and discrete-time uncertain processes, so with

X finteand T=N={1,2,3,... }.
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Precise probability tree
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Precise probability tree




Precise probability tree

T E Xy

(Vn E N;‘T].ZTL e Xn) qwl:n e EX

P
probability measure

14



From local to global probabilities

Forany n > 1and z1., = (z1,...,2,) € A",

P(Xlzn = xl:n) = P(Xl =T1,...,Xp = xn)
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From local to global probabilities

Forany n > 1and z1., = (z1,...,2,) € A",

P(Xlzn - xl:n) - P(Xl =1y 7Xn = xn)
= P(Xlzn—l == xl:n—l)P(Xn = Tn ’ Xl:n—l = xl:n—1)~

16



From local to global probabilities

Forany n > 1and z1., = (z1,...,2,) € A",
P(Xlzn - xl:n) - P(Xl =1y 7Xn = xn)
(Xlzn—l == xl:n—l)P(Xn = Tn ’ Xl:n—l = xl:n—l)

(Xlzn—l = m'1:n—1)%61:n—1 ($n>

P
P
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From local to global probabilities

Forany n > 1and zy., = (z1,...,2,) € A",

P(Xlzn = xl:n) = P(Xl =T1y--- 7Xn = xn)
== P(Xlzn—l = xl:n—l)P(Xn = Tn ‘ Xl:n—l = xl:n—l)
= P(Xlzn—l = xl:n—l)%vl;n_l(xn)

= P(X1 =21)P(X2 = 22 | X1 = 21)Ga1.5(T3) - * - Qg1 (Tn)-
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From local to global probabilities

Forany n > 1and zy., = (z1,...,2,) € A",

P(Xlzn = xl:n) = P(Xl =T1,-.-- 7Xn = an)

P(Xl:n—l == xl:n—l)P(Xn = Tn ’ Xl:n—l = xl:n—l)

= P(Xlzn—l = wl:n—l)Qxl;n_1($n>

= P(X1 =21)P(X2 = 22 | X1 = 21)01,(%3) " * G111 (Tn)

= 7rl(lal)qxl ('7"2) C Gz (.%'n)
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From local probabilities to global expectations

ForneNand f: X" — R,

Xln Z fxln Xl:n:xlzn)

T1.nEXT

Z f(@1:0)T1(21) 4o (2) * * Qa1 1 (Tn).

xl:nexn
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f(aaa)
f(aab)
f(aba)
f(abb)
(vas)
 (bab)
 (bba)
(obb)
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From local probabilities to global expectations

ForneNand f: X" — R,

Xln Z fxln Xl:n:$1:n)

= Z f(xl;n>71'1(xl)q$1 (372) T Qz1;n_1(x7I)'

m1:’l’l€k‘n

:Zﬁll‘l ZC]m1$2 quunlxn

T1EX ToEX Tn€X

.%'1 n)-
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From local probabilities to global expectations

Forne Nand f: X" — R,

E Xln = Z fxln Xl:n:xlzn)-

ZI1: neXn

Z f(@1:0)T1(21) e (2) * * Qa1 1 (Tn).

T1: ne)(n
= g 1 $1 E qul 1'2 E Qzi.p_1 xn
T1EX T2 EX Tp€X

= E(Q(Xl:n—l))

with
g: Xn_l — R: Tip—1 qur?ﬁl (f(l'l:n—l.) )
: —_——
X—=R: x> f(21:0)

xl n)
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Ep(f(X1:3))

Eq,.(f(aae))

EQab (f(ab.))

Eqba (f(ba.))

EIIbb (f(bb.))

25



26



Ep(f(X1:3)) = Ep(h(X1))

E,. (g(ao)) =: h(a)
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Er (h) = Ep(f(X1:3))
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Precise probability tree

m™ E Dy (Vn e N,z1. € X") @y, GEX’\

P
probability measure



The Markov assumption

Foralln > 1, 1., = (21,...,2,) € X" and y € X, we’re going to assume that

P(Xn+1 =Y ‘ X1=21,...,Xn-1=2Tn-1,Xn :xn)
:P(Xn+1:y’Xn:xn)
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The Markov and time-homogeneity assumptions

Foralln > 1, 1., = (z1,...,2,) € X" and y € X, we’re going to assume that

P(Xn+1 =Y ‘ Xi1=z1,...,Xp 1 =Tn_1,Xn :xn)
=P(Xn11 =y | Xn = zn)
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Markov chain
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Markov chain
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The transition operator

Let T: RY — R* be the corresponding transition operator which maps f: X — R to

Tf:X 5 Rize B (f) =) @) f )

yeX
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Ep(f(X3)) = B(T*f(X1))

Eq.(Tf) =T*f(a)

Eq(Tf) =T*f(b)
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Er (T°f) = Ep(f(Xs))
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Global expectations via the transition operator

We’ve essentially shown that foralln > 1and f: X — R,

E(f(Xn)) = Ex,(T"7'f).
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Global expectations via the transition operator

We’ve essentially shown that foralln > 1and f: X — R,

E(f(Xn)) = Ex, (T"'f).

More generally, forn > 1and f: X" — R,

E(f(Xln)) = E(g(Xlzn—l)) )

with
g: Xn_l — R: T1lin—1 E Ty 1 (f(-rl:n—l.))'
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Global expectations via the transition operator

We’ve essentially shown that foralln > 1and f: X — R,

E(f(Xn)) = Em (Tnilf)

More generally, forn > 1and f: X" — R,
E(f(Xln)) = E(Q(Xlznfl)) = E([Tf(Xlznfl.)] (anl))a
since for all z1.,_; € X1,

9(@1n1) = By, (f(@1n-10)) = [Tf(@1:0-10)] (Zn1).
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The transition operator

Let T: RY — R* be the corresponding transition operator which maps f: X — R to

Tf:X =Rz B (f) =) a:(9)f(y).

yeX
For some ordering z1, ..., z,, of X and with basis B = {I,,, ..., L, }, the transition
operator T has the matrix representation

q931(x1) ql‘l(xm)
T = [T]BB = : . :

)

qu.(-’El) e 4z, (ajm)
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Global expectations via the transition operator

We’ve essentially shown that foralln > 1and f: X — R,

E(f(X3)) = Ex,(T"1f) = [m]g T [f]5
with

f(z1)
Ml = [m(z1) - m(zm)] and [fls=| : |.
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Exercise 1

For ¥ ={a,b}, m =L, [ga]s = [@ 1— a}T and [p)p = [1 -8 B]T, determine
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Exercise 1

For X = {a,b}, m =Ly, [eals = [0 1—0]  and[g]s=[1-8 8],

P(X3=1) = E(I,(X3))

= [m]5 T? )5
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Exercise 1

For X = {a,b}, m =Ly, [eals = [0 1—0]  and[g]s=[1-8 8],

P(X3=1) = E(I,(X3))

= [m]5 T? )5

=9 {1% 15“}2[?}
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Exercise 1

For X = {a,b}, m =Ly, [eals = [0 1—0]  and[g]s=[1-8 8],

P(X3=1) = E(I,(X3))

= [m]5 T? )5

=9 [155 1%“}2[?}

=o(l—a)+(1—-a)p.
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Markov chain
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Markov chain

What if we do not

know the local pmfs T & qe

e

precisely?
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Imprecise Markov chain
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Imprecise Markov chain

II; € ¥y (Ve X) Q, C Xy

Markov chain P is compatible if 7, € II; and (Vz € X)) ¢, € O,

PM
all compatible
Markov chains
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Upper expectations

Forne Nand f: X" — R,

B (f(Xam)) = sup Ep(f(X1n))-
pPepM
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Upper expectations

Forne Nand f: X" — R,

B (f(Xam)) = sup Ep(f(X1n))-

PepM

In particular, forn > 1and f: X — R,

EM(f(Xn)) = sup Ep(f(Xn))
E M
= sup E., (T"'f).
PepM
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Exercise 2

Again consider X = {a, b}, but now with IT; = {I,},

Qo={ala+(1-a):acla,al} and Qp={(1-p)l.+pk: 5 €[5, 06},

where o = 2/5, @ = 3/5, 3 = 1/3 and 8 = 1/2. Determine

EM(I,(X3)).



Exercise 2

Again consider X = {a, b}, but now with IT; = {I,},

Qo={ala+(1-a):acla,al} and Qp={(1-p)l.+pk: 5 €[5, 06},

where o = 2/5, @ =3/5, =1/3 and 8 = 1/2. Then

EM(I,(X3)) = sup Ep(In(X3)) = sup a(l —a) + (1 - a)B.
PepPM PePM



0.5

0.5
0.45 [
0.45
0.4
0.4
0.35
0.4 0.45 0.5 0.55 0.6

59



Exercise 2

Again consider X = {a, b}, but now with IT; = {I,},

Qo={ala+(1-a):acla,al} and Qy={(1-p)l.+pk: 5 <[5, 06},

where a = 2/5, @ =3/5, 3 =1/3 and 8 = 1/2. Then

EM(Iy(X3)) = Pseu7£)M Ep(Ir(X3)) = PSGL;EM al—a)+(1—a)B= %
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Exercise 2

Again consider X = {a, b}, but now with IT; = {I,},

Qo={ala+(1-a):acla,al} and Qy={(1-p)l.+pk: 5 <[5, 06},

where a = 2/5, @ =3/5, 3 =1/3 and 8 = 1/2. Then

EM(Iy(X3)) = Pseu7£)M Ep(Ir(X3)) = PSGL;EM al—a)+(1—a)B= %



Imprecise Markov chain

II; € ¥y (Ve X) Q, C Xy

Markov chain P is compatible if 7, € II; and (Vz € X)) ¢, € O,

PM
all compatible
Markov chains
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Imprecise Markov chains

II; € ¥y (Ve X) Q, C Xy

P is compatible if 7, € II; and (Vn € N, 1., € X™) ¢z, € Qa.,

PV P
all compatible all compatible
Markov chains probability trees

N
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Imprecise Markov chains

II; € ¥y (Ve X) Q, C Xy

P is compatible if 7, € II; and (Vn € N, 1., € X™) ¢z, € Qa.,

PV P
all compatible c all compatible
Markov chains probability trees
EM <

E
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Exercise 3

As before consider X = {a, b}, II; = {l.},

Qu={ala+(1-a)h:acaal} and Q= {(1-p)l.+pk: 5 €[5, 6]}

with @ = 2/5, @ = 3/5, 3 = 1/3 and 3 = 1/2. Determine

E(Is(X3)).
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Exercise 3

As before consider X = {a, b}, II; = {l.},

Qu={ala+(1-a)h:acaal} and Q= {(1-p)l.+pk: 5 €[5, 6]}

with a = 2/5, @ =3/5, 3=1/3and 8 = 1/2. Then

E(Is(X3)) = sup Ep(Is(X3)).
Pep
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(ja e Qa, E Qb
y ba € Qa;

»qob € Qo
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72 € Qa, v € Dp
ba € Qaa

»qob € Do
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E(Ip(X3))?
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E(Ip(X3))?

T €H1
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E(Ip(X3))?

a(l-—a)+(1-a)8

m € Il (1_5)(1_Q)+/83
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E(Ip(X3))?

(O) B(b(Xs) =

9|

1-a)+(1-a)

™|

28
50
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Exercise 3

As before consider X = {a,b}, I} = {I.},

Qa={ala+(1-a)ly: a€[a,a]} and Q= {(1-p)l.+BL: B < [B,p]}
witha =2/5,a@=3/5, $=1/3and 8 = 1/2. Then

28,2 EM(I,(X3))!

E(ls(Xs)) = 50 ~ 50
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m €Il
Ja € Qa, G» € Oy
(aa, gba S Qas

, Gob € Db
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The upper transition operator

Let T: RY — R* be the operator which maps f: X — R to

Tf: X = R:z— Eo,(f) = sup Y q(y)f(y).

q€Qy yeEX
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The upper transition operator

Let T: RY — R* be the operator which maps f: X — R to

Tf: X = R:z— Eo,(f) = sup Y q(y)f(y).
9€Qx ey

This is an example of an upper transition operator: an operator S: RY — R¥ such that
1. Sf <supfforall f € RY;
2. S(f+g) <Sf+Sgforall f,g e RY;
3. S(\f) = ASf forall A € Rsg, f € RY.

v



™ € Hl
Ga € Qa, o S Qb
(aa, dba € Qaa

,qob € Dp
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E(f(X3))?

qa € Qa, RS (9%
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E(f(X3))?
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E(f(X3))?

(@) E(f(X) = En, (7))
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Upper expectations

In essence, we’ve shown that foralln > 1and f: X — R,

E(f(X0)) = B, (T"Lf).
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Upper expectations

In essence, we’ve shown that foralln > 1and f: X — R,

E(f(X,)) =Em, (T"f).

More generally, it has been shown that foralln > 1and f: X" — R,

E(f(X1n)) = E([Tf(X1n—1, 9)](Xn-1)).
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Imprecise Markov chains

II; € ¥y (Ve X) Q, C Xy

P is compatible if 7, € II; and (Vn € N, 1., € X™) ¢z, € Qa.,

PV P
all compatible all compatible
Markov chains probability trees

N
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Time-inhomogeneous Markov chain

1 (VneNx e X) ¢

P
time-inhomogeneous Markov chain
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Imprecise Markov chains

II; € ¥y (Ve X) Q, C Xy

P is compatible if 7, € II; and (Vn € N, 1., € X™) ¢z, € Qa.,

PV pM P
all compatible - all compatible (time-) - all compatible
Markov chains inhomogeneous Markov chains probability trees
M < EM < E
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Imprecise Markov chains

II; € ¥y (Ve X) Q, C Xy

P is compatible if 7, € II; and (Vn € N, 1., € X™) ¢z, € Qa.,

PV pM P
all compatible - all compatible (time-) - all compatible
Markov chains inhomogeneous Markov chains probability trees
EM < EM < E

&
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Exercise 4

Verify that for all f: X — R,

EM(f(X1)) = EM(f(X1)) = B(f(X1)).

Is it true that foralln € Nand f: X — R,

EM(f(Xp41)) = B, (T"f) = E(f (Xn41)?

More generally, is it true that foralln > 1 and f: X" — R,

EM(f(X1:n)) = BM([Tf(X1in-1,0)](Xn-1)))?
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Imprecise Markov chains
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Imprecise Markov chains

Comen
o wEer

oeenacn
TR
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Imprecise Markov chains

Comen

oeenacn
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Imprecise Markov chains

Comen
o wEer

oeenacn
e
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I € Xx VreX)Q, CXy

-~
-~

Q:RY =R T: RY & R

N

Unique upper expectation E on {f(X1.,): n € N, f € X™} such that
() E(9(X1)) = Q,(g) forall g € R*
(i) E(h(X1:)) = E([Th(X1:n-1,9)](Xn-1)) foralln > 1, h € X™.

94



Ergodicity

A transition operator T is ergodic if for all f: X — R, T" f converges to a constant
function as n — oc.
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Ergodicity

A transition operator T is ergodic if for all f: X — R, T" f converges to a constant
function as n — oco.

In that case, for any m; € Yy,

E(f(Xn)) = E7r1 (Tn_lf)

converges to this constant value as n — cc.

Necessary and sufficient conditions for ergodicity are well-known.
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Ergodicity

An upper transition operator T is ergodic if for all f: X — R, T"f converges to a
constant function as n — .

In that case, for any II; C Xy,

E(f(Xn)) = En,(T"1f)

converges to this constant value as n — ~o.
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Ergodicity

An upper transition operator T is ergodic if for all f: X — R, T"f converges to a
constant function as n — .

In that case, for any II; C Xy,

E(f(Xn)) = En,(T"1f)

converges to this constant value as n — ~o.

Necessary and sufficient conditions for ergodicity have been studied,
but the aim of the project is to rediscover them!
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